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ALMOST BAND PRESERVERS
TIMUR OIKHBERG AND PEDRO TRADACETE
Abstract. We study the stability of band preserving operators on Ba-
nach lattices. To this end the notion of ε-band preserving mapping
is introduced. It is shown that, under quite general assumptions, a
ε-band preserving operator is in fact a small perturbation of a band
preserving one. However, a counterexample can be produced in some
circumstances. Some results on automatic continuity of ε-band preserv-
ing maps are also obtained.
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1. Introduction
This paper is devoted to the stability of band preserving operators on a
Banach lattice. Recall that a band Y in a Banach lattice X is an ideal (i.e.
a subspace Y such that if y ∈ Y and |x| ≤ |y|, then x ∈ Y ) which is also
closed under arbitrary suprema, i.e. for every collection (yα)α∈A in Y such
that
∨
α∈A yα exists in X, this element must belong to Y . For instance, it
is easy to see that on the spaces Lp(Ω,Σ, µ), every band corresponds to the
set of elements supported on some A ∈ Σ.
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2 T. OIKHBERG AND P. TRADACETE
A linear operator on a Banach lattice T : X → X is band-preserving (BP
for short) if T (Y ) ⊂ Y for any band Y ⊂ X. The study of band-preserving
operators can be traced back to the work of H. Nakano [10]. A complete
account on band-preserving operators can be found in [9, Section 3.1] and in
[3, Sections 2.3 and 4.4], see also the survey paper [5]. Let us recall a useful
characterization of BP operators on a Banach lattice due to Y. Abramovich,
A. Veksler and A. Koldunov [1]: Given a Banach lattice X, and an operator
T ∈ B(X), the following are equivalent
(1) T is band preserving.
(2) T is an orthomorphism, i.e. T is order bounded and |x| ∧ |y| = 0
implies |x| ∧ |Ty| = 0.
(3) T is in the center of X, i.e. there is some scalar λ > 0 such that
|Tx| ≤ λ|x| for every x ∈ X.
We say that a linear map T : X → X is ε-band preserving (ε-BP in short)
if, for any x ∈ X,
sup{‖|Tx| ∧ y‖ : y ≥ 0, y ⊥ x} ≤ ε‖x‖.
Our main concern is to study when an ε-BP operator is a small perturba-
tion of a band-preserving operator. That is, given a Banach lattice X and an
ε-BP operator T ∈ B(X), when can one find a band-preserving S ∈ B(X)
so that ‖T − S‖ ≤ φ(ε) for some function φ satisfying φ(ε)→ 0 as ε→ 0?
We are also interested in quantitative versions of some well known facts
concerning band-preserving operators. For instance, on a σ-Dedekind com-
plete Banach lattice an operator is band-preserving if and only if it commutes
with every band projection. A version of this result in terms of the size of
the commutators [T, P ] where P is a band projection and T is ε-BP will be
given in Proposition 2.4. As a consequence, we obtain a quantitative ver-
sion of another stability property of band-preserving operators, due to C.
B. Huijsmans and B. de Pagter, that the inverse of a bijective BP operator
is also BP [6] (see Corollary 2.5).
The paper is organized as follows: A discussion of several properties of
almost band preserving operators as well as some equivalent characteriza-
tions of this class can be found in Section 2. Recall that a band preserving
map on a Banach lattice is always bounded [1]. Motivated by this fact, in
Section 3, we will study the automatic continuity of ε-BP maps. Almost
central operators and their connection with ε-BP operators will be studied
in Section 4. In Section 5, we prove that any ε-BP map on a Banach lat-
tice X is a small perturbation of a BP one, provided X is order continuous
(Theorem 5.1) or has Fatou norm (Proposition 5.2).
Section 6 contains a similar result for ε-BP maps on C(K) spaces (Theo-
rem 6.2). In Section 7, we present an example of a Banach lattice E with the
property that, for every ε > 0, there exists an ε-BP contraction T ∈ B(E)
whose distance from the set of BP maps is larger than 1/2 (Proposition 7.1).
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Throughout, we use standard Banach lattice terminology and notation.
For more information we refer the reader to the monographs [3] or [9]. The
closed unit ball of a normed space Z is denoted by B(Z).
2. Basic properties of almost band-preserving operators
Definition 2.1. Given a Banach lattice X, we say that a linear mapping
T : X → X is ε-band preserving (ε-BP) if, for any x ∈ X,
sup{‖|Tx| ∧ y‖ : y ≥ 0, y ⊥ x} ≤ ε‖x‖.
Observe that every bounded operator T : X → X is trivially ‖T‖-BP.
Thus, for a bounded operator T , ε-BP is meaningful only for ε < ‖T‖. Note
that if two operators T1, T2 ∈ B(X) are such that Ti is εi-BP for i = 1, 2,
then T1 + T2 is (ε1 + ε2)-BP. Similarly, if T ∈ B(X) is ε-BP, then, for any
scalar λ, λT is |λ|ε-BP.
In order to reformulate Definition 2.1 in the language of bands, we need
to recall the notion of band projection. A band Y of a Banach lattice X is
called a projection band if X = Y ⊕ Y ⊥, where
Y ⊥ = {x ∈ X : |x| ∧ |y| = 0 for every y ∈ Y }.
Several facts which arise for spaces with an unconditional basis can be gen-
eralized to more general Banach lattices by means of projection bands (see
[8, 1.a]).
A characterization of projection bands can be found in [8, Proposition
1.a.10]. In particular, if X is a σ-Dedekind complete Banach lattice (i.e.
every bounded sequence has a supremum and an infimum), then for each
x ∈ X+ we can consider the principal band projection Px given by
Px(z) =
∞∨
n=1
(nx ∧ z)
for z ∈ X+, and extended linearly as Px(z) = Px(z+)−Px(z−) for a general
z ∈ X. This defines a projection onto the principal band generated by
x. Recall that a Banach lattice X is said to have the Principal Projection
Property (PPP for short) if every principal band (a band generated by a
single element) is a projection band. By [9, pp. 17-18], a Banach lattice has
the PPP if and only if it is σ-Dedekind complete.
The study of projection bands was initiated in the classical work of S.
Kakutani [7] concerning concrete representations of Banach lattices. For
properties of band projections, see [9, Section 1.2]. Also recall that, by [9,
Proposition 2.4.4], if X is order continuous, then every closed ideal in X is a
projection band. The next proposition gives some equivalent reformulations
of the definition of ε-BP operator by means of band projections.
Proposition 2.2. Given a Banach lattice X and an operator T : X → X,
consider the following statements:
(1) T is ε-BP.
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(2) For any band projection P and any x ∈ X, ‖PTx‖ ≤ ε‖x‖ whenever
Px = 0.
(3) For any principal band projection P and any x ∈ X, ‖PTx‖ ≤ ε‖x‖
whenever Px = 0.
Then (1)⇒ (2)⇒ (3). Moreover, if X is σ-Dedekind complete, then (3)⇒
(1).
We need a lemma, which may be known to experts (although we haven’t
found it in the literature).
Lemma 2.3. Suppose X is a Banach lattice, x is a non-zero element of X,
and P ∈ B(X) is a band projection. Then the following are equivalent:
(1) Px = 0.
(2) P |x| = 0.
(3) x ⊥ P (X).
Proof. (1) ⇒ (2): write x = x+ − x−. As 0 ≤ Py ≤ y for any y ∈ X+,
we conclude that 0 ≤ Px+ ≤ x+, and 0 ≤ Px− ≤ x−. Consequently Px+
and Px− are disjoint, hence P |x| = Px+ + Px− = |Px|. If Px = 0, then
P |x| = |Px| = 0.
(2) ⇒ (3): It suffices to show that x ∧ z = 0 whenever x, z ∈ X+ satisfy
Px = 0 and Pz = z. Let u = x ∧ z. Then Pu ≤ Px = 0. On the other
hand, P is a band projection. As z belongs to the band P (X), the same
must be true for u, hence u = Pu = 0.
(3)⇒ (1): By [9, Lemma 1.2.8], I−P is the band projection onto P (X)⊥.
Then (I − P )x = x, hence Px = 0. 
Proof of Proposition 2.2. (1)⇒ (2): Fix a norm one x ∈ X, and suppose P
is a band projection so that Px = 0. We have to show that ‖PTx‖ ≤ ε. If
PTx = 0, we are done. Otherwise, let y = |PTx|. By Lemma 2.3, P |x| = 0,
and x ⊥ P (X). Moreover, by the proof of that lemma, y = P |Tx| ⊥ x.
Write |Tx| = P |Tx|+(I −P )|Tx|. The ranges of P and I −P are mutually
disjoint bands. Therefore,
|Tx| ∧ y = (P |Tx|+ (I − P )|Tx|) ∧ y = (P |Tx|) ∧ y = P (|Tx|).
Indeed,
(P |Tx|+ (I − P )|Tx|) ∧ y ≤ (P |Tx|) ∧ y + ((I − P )|Tx|) ∧ y = (P |Tx|) ∧ y,
and on the other hand, by the positivity of I−P , (P |Tx|+(I−P )|Tx|)∧y ≥
(P |Tx|) ∧ y. From (1), it follows that ‖P |Tx|‖ ≤ ε‖x‖.
(2)⇒ (3) is clear.
(3) ⇒ (1): Assume that X is σ-Dedekind compete. For every x ∈ X we
can consider Px the band projection onto the band generated by x. Suppose
y is positive, and disjoint from x. Then Q = I − Px is a band projection,
with Qy = y. As shown above,
|Tx| ∧ y = (Q|Tx|) ∧ y,
ALMOST BAND PRESERVERS 5
hence ‖|Tx| ∧ y‖ ≤ ‖Q|Tx|‖. However, Q|Tx| = |QTx|, hence, by (3),
‖|Tx| ∧ y‖ ≤ ‖QTx‖ ≤ ε‖x‖.

Recall that if E has the PPP, then T ∈ B(E) is BP if and only if it
commutes with any band projection [9, Proposition 3.1.3]. Given operators
S, T ∈ B(E), we consider their commutator [S, T ] = ST − TS.
Proposition 2.4. Let T be an operator on a σ-Dedekind complete Banach
lattice.
(1) If for every band projection P , ‖[P, T ]‖ ≤ ε, then T is ε-BP.
(2) If T is ε-BP then for any band projection P , ‖[P, T ]‖ ≤ 2ε.
Proof. We will use the equivalence with (2) in Proposition 2.2. Suppose first
that for every band projection P , ‖[P, T ]‖ ≤ ε. Let Q be a band projection
and x be such that Qx = 0, then we have
‖QTx‖ = ‖(QT − TQ)x‖ ≤ ‖[Q,T ]‖‖x‖ ≤ ε‖x‖.
For the second statement, given a band projection P , let P⊥ denote its
orthogonal band projection. For x ∈ X we have
‖(PT − TP )x‖ = ‖(PT − TP )(Px+ P⊥x)‖
= ‖PTPx− TPx+ PTP⊥x− TPP⊥x‖
= ‖ − P⊥TPx+ PTP⊥x‖
≤ ‖P⊥TPx‖+ ‖PTP⊥x‖
Now, since P⊥Px = PP⊥x = 0 we get that ‖(PT − TP )x‖ ≤ 2ε‖x‖, i.e.
‖[P, T ]‖ ≤ 2ε. 
The following is a version of the result in [6] that the inverse of a bijective
BP operator is also BP.
Corollary 2.5. Let X be a σ-Dedekind complete Banach lattice. If T ∈
B(X) is invertible and ε-BP, then T−1 is (2‖T−1‖2ε)-BP.
Proof. Let P be any band projection. By Proposition 2.4, we have ‖PT −
TP‖ ≤ 2ε. Therefore,
‖T−1P − PT−1‖ = ‖T−1(PT − TP )T−1‖ ≤ 2‖T−1‖2ε,
and the result follows by Proposition 2.4 again. 
Remark 2.6. In general, the ‖T−1‖2 factor cannot be avoided in Corollary
2.5, even when T is positive. Indeed, consider
T =
(
0 ε
ε 0
)
,
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acting on ℓp2 (with 1 ≤ p ≤ ∞). Clearly ‖T‖ = ε, hence T is ε-BP. However,
T−1 cannot be c-BP for c < 1/ε. Indeed, suppose T−1 is c-BP, then we have
cε ≥
∥∥∥∥T−1
(
ε
0
)
∧
(
0
1
)∥∥∥∥ = 1.
Thus, Corollary 2.5 is sharp (up to a constant independent of ‖T−1‖).
Below we show that any band-preserving operator on a Ko¨the function
space is a multiplication operator. Recall that a Ko¨the function space on a σ-
finite measure space (Ω,Σ, µ) is a Banach space X consisting of equivalence
classes, modulo equality almost everywhere, of locally integrable functions
on Ω such that:
(1) If |f(ω)| ≤ |g(ω)| holds a.e. on Ω with f Σ-measurable and g ∈ X,
then f ∈ X and ‖f‖ ≤ ‖g‖.
(2) If S ∈ Σ, and µ(S) ∈ (0,∞), then χS ∈ X.
Proposition 2.7. Suppose E is a Ko¨the function space on a Borel measure
space (Ω, µ), and T ∈ B(E) is band preserving. Then there exists φ ∈ L∞(µ)
so that Tf = φf for any f ∈ E.
A similar result was established in [13], and our proof is similar to the
one given there.
Proof. Suppose T ∈ B(E(Ω, µ)) is band-preserving. By [9, Theorem 3.1.5],
T is regular, hence (in the terminology of [9, Section 3.1]) an orthomorphism.
First suppose the measure µ is finite. Let 1 = 1Ω, and set φ = T1.
Note that φ is essentially bounded, with ‖φ‖∞ ≤ ‖T‖. Indeed, suppose
otherwise, and find a set S of positive measure so that |φ| > ‖T‖‖1‖ µ-
a.e. on S. However,
χSφ = χS
[
T (χS + χΩ\S)
]
= χS
[
TχS
]
+ χS
[
TχΩ\S
]
.
As T is band-preserving, the last term vanishes. Thus,
‖TχS‖ = ‖χS(TχS)‖ = ‖χSφ‖ > ‖T‖‖χS‖,
which is a contradiction.
Define the operator S ∈ B(E) via Sf = φf . Then S1 = T1. As 1
generates E as a band, [9, Proposition 3.1.6] implies T = S.
Now suppose µ is σ-finite. Represent Ω as an increasing union of the
sets Ωi, such that µ(Ωi) is finite. Let µi = µ|Ωi , and define the operator
Ti ∈ B(E(Ωi, µi)) via Tif = (Tf)1Ωi . Clearly Ti is band-preserving, hence
by the above, there exists φi ∈ L∞(µ), supported on Ωi, so that Tif = φif
for any f . It is clear that φi+11Ωi = φi. Due to the boundedness of T ,
φ ∈ L∞(µ). 
Remark 2.8. By [9, Theorem 3.1.12], any band-preserving operator T on
a Banach lattice satisfies −‖T‖I ≤ T ≤ ‖T‖I.
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Recall that an ideal U in a Banach lattice X is a subspace with the
property that y ∈ U whenever |y| ≤ |x| and x ∈ U . One might consider
ideal preserving operators T : X → X, i.e. those satisfying that for every
(closed) ideal U ⊂ X, T (U) ⊂ U . However, this notion is actually equivalent
to that of band preserving operator: since a band is also an ideal, every ideal
preserving operator is in particular band preserving; on the other hand, if T
is a band preserving operator, then |Tx| ≤ ‖T‖|x|, and this in turn implies
that T is ideal preserving.
We show that the same holds for “almost” band preserving and ideal
preserving maps.
Definition 2.9. Given a Banach lattice X, a linear map T : X → X is ε-
ideal preserving (ε-IP, for short) if, for every ideal U ⊂ X and x ∈ B(X)∩U ,
there exist y ∈ U and z ∈ X with ‖z‖ ≤ ε, such that Tx = y + z.
Theorem 2.10. Suppose X is a Banach lattice, T : X → X is a linear
map, and ε > 0. Consider the following statements:
(1) T is ε-BP.
(2) If x ∈ B(X) and x∗ ∈ B(X∗) satisfy 〈|x∗|, |x|〉 = 0, then |〈x∗, Tx〉| ≤
ε.
(3) For every ε′ > ε, T is ε′-IP.
(4) For every x ∈ B(X) and ε′ > ε, there is λ > 0 such that |Tx| ≤
λ|x|+ z for some ‖z‖ ≤ ε′.
Then (2) ⇔ (3) ⇔ (4) ⇒ (1). If, in addition, T is bounded, then (1) ⇒ (2)
(that is, all the four statements are equivalent).
Proof. (1) ⇒ (2), for T bounded: Suppose, for the sake of contradiction,
that (1) holds, but (2) doesn’t. Then there exist x ∈ B(X) and x∗ ∈ B(X∗)
so that 〈|x∗|, |x|〉 = 0 and
〈|x∗|, |Tx|〉 ≥
∣∣〈x∗, Tx〉∣∣ = c > ε.
Pick δ > 0 so that ε+ ‖T‖(‖T‖ + 1)δ < c.
For brevity of notation, let x′ = |Tx|. We find y, y′ ∈ X so that |y| ≤ |x|,
‖x−y‖ ≤ (‖T‖+1)δ, y′ ≥ 0, y′ ⊥ y, and ‖x′∧y′‖ ≥ c. Once this is achieved,
the inequality ∥∥|Ty| ∧ y′∥∥ ≥ ∥∥|Tx| ∧ y′∥∥− ‖T‖‖x − y‖ > ε
will give the desired contradiction.
Consider the (not necessarily closed) ideal I ⊂ X, generated by x0 =
x′ ∨ |x|. In a canonical fashion, we find a bijective lattice homomorphism
j : C(Ω)→ I, where Ω is a Hausdorff compact (so j1 = x0). We have
K := ‖j‖B(C(Ω),X) = ‖j1‖X ≤ ‖x‖+ ‖x
′‖ ≤ ‖T‖+ 1.
Let φ and φ′ in C(Ω) such that x = j(φ) and x′ = j(φ′). Set ψ = (φ+−δ1)+−
(φ− − δ1)+, and y = j(ψ). Then |ψ| ≤ |φ|, hence |y| ≤ |x|. Furthermore,
‖ψ − φ‖∞ = δ, hence ‖x− y‖ ≤ Kδ.
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Now consider the closed sets Ω1 = {ω ∈ Ω : |φ(ω)| ≤ δ/2} and Ω0 =
{ω ∈ Ω : |φ(ω)| ≥ δ}. By Urysohn’s Lemma, there exists h ∈ C(Ω) so that
0 ≤ h ≤ 1, h|Ω1 = 1, and h|Ω0 = 0.
Consider µ ∈ C(Ω)∗ given by 〈µ, f〉 = 〈|x∗|, j(f)〉 for f ∈ C(Ω). Clearly
µ is a positive measure, and 〈µ, |φ|〉 = 〈|x∗|, |x|〉 = 0.
Now set ψ′ = φ′h. Note that 1 − h ≤ 2δ−1|φ|, hence 〈µ, (1 − h)η〉 = 0
for any η ∈ C(Ω). Consequently, 〈µ,ψ′〉 = 〈µ, φ′〉 ≥ c. Set y′ = j(ψ′). As
ψ ⊥ ψ′, we also have y ⊥ y′. Further, 0 ≤ ψ′ ≤ φ′, hence 0 ≤ y′ ≤ x′.
Consequently,
‖x′ ∧ y′‖ = ‖y′‖ ≥ 〈|x∗|, y′〉 = 〈µ,ψ′〉 = 〈µ, φ′〉 ≥ c,
which is the desired result.
(2) ⇒ (3): Suppose that (3) does not hold. Then there exist ε′ > ε, an
ideal U ⊂ X and x ∈ B(U) such that for every y ∈ U , ‖Tx−y‖ > ε′. We can
and do assume U is closed. By Hahn-Banach Theorem, there is x∗ ∈ B(X∗)
such that 〈x∗, y〉 = 0 for every y ∈ U and
〈x∗, Tx〉 = dist(Tx,U) ≥ ε′ > ε.
As U is an ideal, we have
〈|x∗|, |x|〉 = sup{|〈x∗, y〉| : |y| ≤ |x|} = 0.
This is impossible if (2) holds.
(3)⇒ (4) is immediate by considering the principal ideal generated by x.
(4) ⇒ (2): Suppose x∗ and x are as in (2). Fix ε′ > ε and find λ s.t.
|Tx| ≤ λ|x|+ z, with ‖z‖ ≤ ε′. Then
|〈x∗, Tx〉| ≤ 〈x∗, |Tx|〉 ≤ 〈x∗, z〉 ≤ ‖z‖ ≤ ε′.
As ε′ can be arbitrarily close to ε, we obtain |〈x∗, Tx〉| ≤ ε.
(4) ⇒ (1): Pick disjoint x ∈ B(X) and y ∈ X+. For every ε
′ > ε > 0,
by (4), there exist λ > 0 and z ∈ X with ‖z‖ ≤ ε′ and |Tx| ≤ λ|x| + z.
Without loss of generality we can take z ≥ 0. It follows that
‖|Tx| ∧ y‖ ≤ ‖(λ|x| + z) ∧ y‖ ≤ ‖z ∧ y‖ ≤ ε′.
Since this holds for arbitrary ε′ > ε we get that T is ε-BP. 
Notice the following fact concerning the duality of band projections and
almost band preserving operators. This will be useful in the stability results
of Section 5.
Proposition 2.11. Let X be a Banach lattice:
(1) If P is a band projection on X, then P ∗ is a band projection on X∗.
(2) If X is order continuous and P is a band projection on X∗, then
P ∗|X is a band projection on X.
(3) If T ∈ B(X) is such that T ∗ is ε-BP, then T is ε-BP.
(4) If X is order continuous and T ∈ B(X) is ε-BP, then T ∗ is ε-BP.
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Proof. (1): This is a direct consequence of the fact that P is a band projec-
tion if and only if P 2 = P and 0 ≤ P ≤ I.
(2): By part (1), we know that P ∗ is a band projection on X∗∗. For
x ∈ X, we have that |P ∗x| ≤ |x|, and since X is an ideal in X∗∗ [9, Theorem
2.4.2], it follows that P ∗x ∈ X. Thus, P ∗|X is a band projection on X.
(3): Let x ⊥ y in X with ‖x‖ ≤ 1 and y ≥ 0, we have to show that
‖|Tx| ∧ y‖ ≤ ε. First, since x ⊥ (|Tx| ∧ y), by [9, Lemma 1.4.3], we can find
y∗ ∈ B(X∗) so that 〈|y∗|, |x|〉 = 0, and 〈|y∗|, |Tx| ∧ y〉 = ‖|Tx| ∧ y‖. Passing
to |y∗|, we can and do assume y∗ ≥ 0.
Thus, it suffices to prove that 〈y∗, |Tx|〉 ≤ ε. By [9, Lemma 1.4.4],
〈y∗, |Tx|〉 = max
{
|〈z∗, Tx〉| : |z∗| ≤ y∗
}
.
For any such z∗, we have 〈|z∗|, |x|〉 = 0. Therefore, x annihilates on the
principal ideal generated by z∗. Moreover, since the elements of X acting
on X∗ are order continuous functionals (cf. [3, p. 61]), it follows that x also
annihilates on the band generated by z∗.
Let P denote the band projection onto the band generated by z∗. By the
above, we have P ∗x = 0. Therefore, by Proposition 2.2 we get
|〈T ∗z∗, x〉| = |〈P⊥T ∗z∗, x〉| ≤ ‖P⊥T ∗z∗‖ ≤ ε.
(4): Suppose T is ε-BP, and let P be a band projection on X∗. Since
X∗ is σ-Dedekind complete, by Proposition 2.2, it is enough to show that
for every x∗ ∈ X∗ such that Px∗ = 0 we have ‖PT ∗x‖ ≤ ε‖x∗‖. According
to (2), there is a band projection on X, given by Q = P ∗|X such that
Q∗ = P . Let Q⊥ = I −Q be the band projection onto the complementary
band. Since T is ε-BP and Q⊥Qx = 0, by Proposition 2.2, we have that
‖Q⊥TQx‖ ≤ ε‖Qx‖ ≤ ε‖x‖. Now, using the fact that Px∗ = 0, we have
‖PT ∗x∗‖ = sup{〈PT ∗x∗, x〉 : x ∈ X, ‖x‖ ≤ 1}
= sup{〈x∗, TQx〉 : x ∈ X, ‖x‖ ≤ 1}
= sup{〈x∗, (I −Q)TQx〉 : x ∈ X, ‖x‖ ≤ 1}
≤ sup{‖Q⊥TQx‖‖x∗‖ : x ∈ X, ‖x‖ ≤ 1} ≤ ε‖x∗‖,
as desired. 
It is well known that any band-preserving operator is also disjointness
preserving. For ε-BP maps, a similar result holds. Recall that an oper-
ator between Banach lattices T : X → Y is ε-disjointness preserving if
‖|Tx| ∧ |Ty|‖ ≤ ε whenever x, y ∈ B(X) satisfy x ⊥ y. This class of oper-
ators has been the object of research in [11], where it was studied whether
an ε-disjointness preserving operator can always be approximated by a dis-
jointness preserving one.
Proposition 2.12. If X is a Banach lattice, and T ∈ B(X) is ε-BP, then
T is 2ε-disjointness preserving.
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Proof. We have to show that, if x and y are disjoint elements of B(X),
then ‖|Tx| ∧ |Ty|‖ ≤ 2ε. We can and do assume that the Banach lattice
X is separable. Indeed, it is easy to see that any separable subset of X is
contained in a separable sublattice invariant under T .
As X is separable, it contains a quasi-interior point, which we call e: we
have e ≥ 0, and z = limm z ∧ me for any z ∈ X+. Note that, for any
z ∈ X, and δ > 0, we can find z˜ ∈ X and m ∈ N so that |z˜| ≤ me, and
‖z − z˜‖ ≤ δ. Indeed, write z = z+ − z−, and find m so that, for σ = ±,
‖zσ − zσ ∧ me‖ < δ/2. Then z˜ = z+ ∧ me − z− ∧ me has the required
properties.
Due to the continuity of T , we shall henceforth assume that |x|∨ |y| ≤ me
for some m ∈ N. Further, by changing the quasi-interior point e, we can
assume |x| ∨ |y| ≤ e.
Now fix c > 0, and let x′ = (x+− ce)+− (x−− ce)+. Note that x+− ce ≤
(x+ − ce)+ ≤ x+, and similar inequalities holds for (x− − ce)+. Therefore,
‖x− x′‖ ≤ ‖x+ − (x+ − ce)+‖+ ‖x− − (x− − ce)+‖ ≤ 2c‖e‖.
Analogously, we define y′ = (y+−ce)+−(y−−ce)+, which satisfies ‖y−y
′‖ <
2c‖e‖. As c can be arbitrarily small, it suffices to show that, for any n ∈ N,
(2.1) ‖|Tx′| ∧ |Ty′| ∧ ne‖ ≤ 2ε.
Let a = n(e−|x|/c)+ and b = n(e−|y|/c)+. Viewing the elements we are
working with as elements of the ideal generated by e (which can, in turn,
be identified with C(K)), we see that a ⊥ x′ and b ⊥ y′. As T is ε-BP, we
have ‖|Tx′| ∧ a‖ ≤ ε and ‖|Ty′| ∧ b‖ ≤ ε. We have
|Tx′| ∧ |Ty′| ∧ (a+ b) ≤ |Tx′| ∧ a+ |Ty′| ∧ b.
The inequality (2.1) now follows from a+ b ≥ ne. 
We do not know whether the continuity of T is actually necessary in
Proposition 2.12. However, for σ-Dedekind complete spaces we have:
Proposition 2.13. If X is a σ-Dedekind complete Banach lattice, and T is
an ε-BP linear map, then T is also 3ε-disjointness preserving.
Proof. Suppose x and y are disjoint elements in the unit ball of X. Then
|Tx| ∧ |Ty| = (Px|Tx|+ P
⊥
x |Tx|) ∧ (Py|Ty|+ P
⊥
y |Ty|)
≤ (Px|Tx|) ∧ (Py |Ty|) + (P
⊥
x |Tx|) ∧ (Py|Ty|)
+ (Px|Tx|) ∧ (P
⊥
y |Ty|) + (P
⊥
x |Tx|) ∧ (P
⊥
y |Ty|).
By the triangle inequality, ‖|Tx| ∧ |Ty|‖ ≤ 3ε. 
Any disjointness preserving operator (hence also any band-preserving op-
erator) is regular [9, Theorem 3.1.5]. Moreover, if T ∈ B(X) is band-
preserving, then so is |T |. One might wonder whether the modulus of a
regular ε-BP operator is also ε-BP. This is the case for AM-spaces and AL-
spaces. Recall that a Banach lattice is an AL-space if ‖x+ y‖ = ‖x‖+ ‖y‖
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whenever x ∧ y = 0; an AM-space if ‖x + y‖ = max{‖x‖, ‖y‖} whenever
x ∧ y = 0. AL-spaces are order isometric to spaces L1(µ), while AM-spaces
are order isometric to sublattices of spaces C(K) [8, 1.b].
Proposition 2.14. Suppose T ∈ B(X) is a ε-BP operator.
(1) If X is an AM-space, and T is regular, then |T | is ε-BP.
(2) If X is an AL-space, then |T | is ε-BP.
Proof. (1) X is an AM-space. Given x, y ∈ X with x ⊥ y we have
∥∥∣∣|T |x∣∣ ∧ |y|∥∥ ≤ ∥∥|T ||x| ∧ |y|∥∥ = ∥∥∥( ∨
|z|≤|x|
|Tz|
)
∧ |y|
∥∥∥
=
∥∥∥ ∨
|z|≤|x|
(|Tz| ∧ |y|)
∥∥∥ = ∨
|z|≤|x|
∥∥∥|Tz| ∧ |y|∥∥∥
≤
∨
|z|≤|x|
ε‖z‖ = ε‖x‖,
where the last inequality follows from the fact that z ⊥ y for every |z| ≤ |x|
and T is ε-BP.
(2) X is an AL-space, so in particular it is order continuous. By Propo-
sition 2.11, we have that T ∗ is ε-BP. Also, note that every operator on an
AL-space is regular [3, Theorem 4.75]. By [9, Proposition 1.4.17], we have
that |T ∗| = |T |∗. Since X∗ is an AM-space, by part (1) we get that |T |∗ is
ε-BP. Again, Proposition 2.11 yields that |T | is ε-BP, as claimed. 
Remark 2.15. Proposition 2.14 fails for general Banach lattices. For every
ε > 0 there exists a regular ε-BP contraction T ∈ B(ℓ2) so that |T | is not
c-BP whenever c < 1/2. An example can be found in [11, Proposition 9.4].
We briefly outline the construction.
For i ∈ N let Si be the 2
i×2i Walsh unitary, and set Ti = Iℓ2i
2
+2−i/2Si ∈
B(ℓ2
i
2 ). For ε > 0, find n ∈ N so that 2
−n/2 < ε. Let T = ⊕i≥nTi be an
operator on E = (
∑∞
i=n ℓ
2i
2 )2 (this space can be identified with ℓ2). Clearly
‖T − IE‖ < ε, hence T is ε-BP. However, as in [11, Proposition 9.4], |T | =
⊕i|Ti|, where |Ti| = Iℓ2i
2
+ ξi⊗ ξi, with ξi = 2
−i/2(1, . . . , 1) is a unit vector in
ℓ2
i
2 . Taking x = 2
(1−i)/2(1, . . . , 1, 0, . . . , 0) and y = (0, . . . , 0, 1, . . . , 1) (both
strings contain an equal number of 0’s and 1’s), we see that ‖|Ti|x∧y‖ = 1/2.
One can use the same reasoning to construct, for 1 < p < ∞ and ε > 0,
a regular ε-BP operator T ∈ B(ℓp) so that |T | is c-BP only when c ≥ cp,
where cp > 0 depends on p only.
3. Automatic continuity
In certain situations, ε-BP linear maps are automatically continuous.
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3.1. Ko¨the spaces. Recall that a Banach lattice X has Fatou norm with
constant f if, for any non-negative increasing net (xi) ⊂ X, with supi ‖xi‖ <
∞, and ∨ixi ∈ X, we have ‖ ∨i xi‖ ≤ f supi ‖xi‖. For Ko¨the function spaces
this is equivalent to the following: if f, f1, f2, . . . ∈ X satisfy fn(ω) ↑ f(ω)
a.e., with fn(ω) ≥ 0 a.e., then ‖f‖ = limn ‖fn‖. Note that a Banach lattice
which has a Fatou norm with constant f admits an equivalent lattice norm
which is Fatou with constant 1. Indeed, we can set
|||x||| = inf{sup
i
‖xi‖ : |x| = ∨ixi, xi increasing, sup
i
‖xi‖ <∞}.
If (X, ‖ · ‖) is a Ko¨the function space, then the same is true for (X, ||| · |||).
Proposition 3.1. Suppose X is a Ko¨the function space on a σ-finite mea-
sure space (Ω, µ), with Fatou norm. If T : X → X is a ε-BP linear map,
then T is continuous.
Let us first fix some notation. For a measurable A ⊂ Ω, denote by PA the
band projection onto the band generated by A (i.e. PAx = χAx), and set
XA = PA(X) = {x ∈ X : x = χAx}.
For any x ∈ PA(X), ‖PAcTx‖ ≤ ε‖x‖. Indeed, it suffices to apply the
definition of ε-BP to y = |PAcx|/‖PAcx‖.
For notational convenience, we assign infinite norm to any unbounded
operator. By renorming if necessary, we can assume that the Fatou constant
of X equals 1.
Lemma 3.2. Suppose X and T are as in Proposition 3.1, and (Ai)i∈I is
a family of disjoint subsets of Ω, each having positive measure. Then there
exists C > 0 so that ‖TPAi‖ ≤ C for all but finitely many indices i ∈ I.
Proof. Suppose otherwise. Then we can find a mutually disjoint sequence
(xk) with suppxk ⊂ Ak, so that, for each k, ‖xk‖ < 2
−k, and ‖Txk‖ > 2
k.
Let x =
∑∞
k=1 xk, and x˜k = x− xk. Then
‖Tx‖ ≥ ‖PAkT (xk + x˜k)‖ ≥ ‖PAkTxk‖ − ‖PAkT x˜k‖.
But ‖PAkTxk‖ ≥ ‖Txk‖ − ε‖xk‖ > 2
k − ε‖xk‖, while ‖PAkT x˜k‖ ≤ ε‖x˜k‖.
Thus,
‖Tx‖ ≥ 2k − ε(‖xk‖+ ‖x˜k‖) ≥ 2
k − ε.
This inequality should hold for any k, which is impossible. 
Lemma 3.3. Suppose X and T are as in Proposition 3.1. If (Ai)i∈N is an
increasing sequence of measurable subsets of Ω, so that for each i ∈ N, TPAi
is bounded, then supn ‖TPAn‖ <∞.
Proof. Suppose supn ‖TPAn‖ =∞. Then there exist 1 ≤ n0 < n1 < n2 < . . .
so that ‖TPAn0‖ > 1, and ‖TPAnk+1‖ > 3‖TPAnk ‖ for every k. Conse-
quently, ‖TPBk‖ > 2
k for every k, where B0 = An0 , and Bk = Ank\Ank−1
for k > 0. This contradicts Lemma 3.2. 
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Lemma 3.4. In the notation of Lemma 3.3, TP∪iAi is bounded.
Proof. Let A = ∪iAi. Let C = supi ‖TPAi‖. Suppose, for the sake of
contradiction, that there exists a norm one x ∈ PA(X), so that ‖Tx‖ >
C + 2ε. Then ‖PATx‖ > C + ε. Since X has the Fatou property we have
that ‖PAnTx‖ → ‖PATx‖, thus ‖PAnTx‖ > C+ε for n large enough. Write
x = y + z, where y = PAnx and z = PA\Anx. We have ‖PAnTy‖ ≤ C and
‖PAnTz‖ ≤ ε, hence, by the triangle inequality, ‖PAnTx‖ ≤ C + ε, yielding
a contradiction. 
Proof of Proposition 3.1. Denote by Σ the set of all equivalence classes of
measurable subsets of Ω, of positive measure (two sets are equivalent if the
measure of their symmetric difference is 0). Abusing the notation slightly,
we identify classes with their representatives. Denote by Σb the set of all
classes S ∈ Σ so that, for any (equivalently, all) S ∈ S, TPS is bounded.
Note that Σb is closed under finite or countably infinite unions. The
finite case is clear. To handle the infinite case, consider A1, A2, . . . ∈ Σb,
and show that A = ∪kAk ∈ Σb as well. Without loss of generality, we can
assume A1, A2, . . . are disjoint. By Lemma 3.2, there exists C > 0 so that
‖TPAi‖ < C for any i. Replacing now Ak with ∪i≤kAi, by Lemmas 3.3 and
3.4, it follows that ‖TPA‖ ≤ C + 2ε.
By Zorn’s Lemma (and taking the σ-finiteness of µ into account), we see
that Σb contains a maximal element [A]. We claim that [A] = Ω. Indeed,
otherwise TPB is unbounded for any B ⊂ A
c. If Ac is a union of finitely
many atoms, this is clearly impossible. Otherwise, write Ac as a disjoint
union of infinitely many sets Bi of positive measure. By Lemma 3.2, TPBi
is bounded for some i (in fact, for infinitely many i’s), hence A ∪ Bi ∈ Σb,
contradicting the maximality of A. 
Remark 3.5. In a similar fashion, one can prove the following: suppose
ε > 0, and X and Y are Ko¨the function spaces on (Ω,Σ, µ). Suppose a
linear map T : X → Y has the property that, for any S ∈ Σ, and any x ∈ X
satisfying x = χSx, we have ‖χSc [Tx]‖ ≤ ε‖x‖. Then T is continuous.
Corollary 3.6. For any ε > 0, any ε-BP linear map on an order continuous
Banach lattice is continuous.
Proof. Suppose a Banach lattice X is order continuous, and T : X → X is
ε-BP. By the proof of [8, Proposition 1.a.9] (combined with [9, Proposition
2.4.4]), X can be represented as an unconditional sum of mutually orthog-
onal projection bands (Xα)α∈A, having a weak order unit. Denote the cor-
responding band projections by Pα. For any x ∈ X,
∑
α Pαx has at most
countably many non-zero terms, and converges unconditionally. For A ⊂ A,
XA = ⊕α∈AXα ⊂ X is the range of the band projection PA =
∑
α∈A Pα
(indeed, 0 ≤ PA ≤ I). For each α, Xα is order isometric to a Ko¨the function
space [8, pp. 25-29].
Suppose, for the sake of contradiction, that T : X → X is an unbounded
ε-BP map. As the unconditional decomposition of every x ∈ X is at most
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countable, there exists a countable set B so that PBTPB is unbounded.
Write B = {β1, β2, . . .}.
By Proposition 3.1, PαTPα is bounded for any α, hence the same is true
for TPα. Note first that supα ‖TPα‖ < ∞. Indeed, otherwise we can find
distinct αi (i ∈ N) and xi ∈ Xαi so that ‖xi‖ < 2
−i, but ‖PαiTxi‖ > 2
i + ε.
Let x =
∑
i xi, and x˜i = x− xi. Then for each i,
‖Tx‖ ≥ ‖PαiTx‖ ≥ ‖PαiTxi‖ − ‖PαiT x˜i‖ > 2
i + ε− ε = 2i,
which is impossible.
Furthermore, let Bn = {β1, . . . , βn}. Then supn ‖TPBn‖ < ∞. In-
deed, otherwise we can find n1 < n2 < . . . so that there exists xk ∈
⊕i∈Bnk\Bnk−1Xβi with ‖xk‖ < 2
−k and ‖Txk‖ > 2
k + ε. Obtain a con-
tradiction by considering x =
∑
k xk (as in Lemma 3.3).
Finally set C = supn ‖TBn‖. Pick a norm one x ∈ XB . By the order
continuity of X, PBn → PB point-norm, hence for every δ > 0 there exists n
so that ‖PBnTx‖ > ‖PBTx‖ − δ. But (reasoning as in the proof of Lemma
3.4)
‖PBnTx‖ ≤ ‖PBnTPBnx‖+ ‖PBnTPB\Bnx‖ ≤ C + ε,
hence ‖Tx‖ ≤ C + 2ε + δ. This contradicts our assumption that TPB is
unbounded. 
3.2. C0(K,X) spaces. If X is a Banach lattice, and K is a locally compact
Hausdorff space, let C0(K,X) denote the space of continuous functions f :
K → X, having the property that, for any ε > 0, there exists a compact
set Ω so that ‖f(t)‖ < ε whenever t /∈ Ω. We endow C0(K,X) with the
norm ‖f‖ = supt∈K ‖f(t)‖X , thus turning it into a Banach lattice with the
pointwise order.
Theorem 3.7. Suppose X is a Ko¨the function space on a σ-finite measure
space (Ω, µ) with the Fatou property, and K a locally compact Hausdorff
space. Then any ε-BP linear map on C0(K,X) is automatically continuous.
Applying this theorem with X = R, we conclude that any ε-BP linear
map on C0(K) is automatically continuous.
For the proof we need a topological result (cf. [12]).
Lemma 3.8. Suppose (sn)n∈N are distinct points in a locally compact Haus-
dorff space K. Then there exist a family of disjoint open sets (Uk)k∈N so
that snk ∈ Uk for any k (n1 < n2 < . . .).
Proof. We construct the sequence (nk), and the open sets Uk, recursively.
Note first that for any sequence of distinct points (ti)i∈N in a Hausdorff
space there is at most one natural number m so that any neighborhood of
tm contains all but finitely many members of the sequence (ti). Indeed, if
there exist two numbers, say m and ℓ, with this property, then tm and tℓ
cannot be separated, which cannot happen in a Hausdorff topology.
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Consequently, if (ti)i∈N is a sequence of distinct points in a locally compact
Hausdorff space, then for any i ∈ I (where I is either N or N\{m}, for the
m corresponding to the sequence (ti)i∈N) there exists an open neighborhood
Vi of ti so that {j ∈ I : tj /∈ Vi} is infinite.
Let S0 = N. Pick n0 ∈ S0 in such a way that sn0 has an open neighbor-
hood U0 so that S1 := {n ∈ S0 : sn /∈ U0} is infinite.
Now suppose we have already selected n0 < . . . < nk−1, and disjoint open
sets U0, . . . , Uk−1, so that snj ∈ Uj for 0 ≤ j ≤ k − 1, and
Sk = {n ∈ N : sn /∈ ∪
k−1
j=1Uj}
is infinite. Find nk ∈ Sk with an open neighborhood Vk so that
Sk+1 := {n ∈ Sk : sn /∈ Vk}
is infinite. Note that the same property holds for Uk = Vk\
⋃k−1
j=0 Uj .
Proceed further in the same manner to obtain a sequence with the desired
properties. 
We now proceed to prove Theorem 3.7. For the rest of this subsection, K
is locally compact Hausdorff, unless specified otherwise.
Suppose T : C0(K,X) → C0(K,X) is an ε-BP linear map. For t ∈ K, let
λt = ‖δtT‖ = sup
{∥∥[Tf ](t)∥∥
X
: ‖f‖ ≤ 1
}
∈ [0,∞].
We want to show that supt∈K λt <∞.
Lemma 3.9. Suppose X is a Banach lattice, and T : C0(K,X) → C0(K,X)
is an ε-BP linear map. If f ∈ C0(K,X) vanishes on an open set V ⊂ K,
then ‖[Tf ](t)‖X ≤ ε‖f‖ for any t ∈ V .
Proof. By Urysohn’s Lemma, there is a continuous function h : K → [0, 1]
such that h(t) = 1 and h(s) = 0 for s ∈ V c. Let φ = |Tf(t)| · h ∈ C0(K,X).
We have that φ ⊥ f and since T is ε-BP, it follows that
‖[Tf ](t)‖X = ‖|[Tf ](t)| ∧ φ(t)‖X ≤ ‖|Tf | ∧ φ‖ ≤ ε‖f‖. 
Lemma 3.10. For any t ∈ K, any open neighborhood U with t ∈ U , and
any σ > 0, there exists f ∈ B(C0(K,X)) so that f vanishes outside of U ,
and ‖[Tf ](t)‖X > λt − ε− σ.
Proof. Pick g ∈ B(C0(K,X)) so that ‖[Tg](t)‖X > λt−σ. Find an open set
V so that V is compact, and t ∈ V ⊂ V ⊂ U . Urysohn’s Lemma allows us to
find a function h so that 0 ≤ h ≤ 1, h|V = 1, and h|Uc = 0. Let f = hg, and
f ′ = (1 − h)g. Since f ′|V = 0, Lemma 3.9 gives
∥∥[Tf ′](t)∥∥
X
≤ ε‖f ′‖ ≤ ε.
By the triangle inequality,∥∥[Tf ](t)∥∥
X
≥
∥∥[Tg](t)∥∥
X
−
∥∥[Tf ′](t)∥∥
X
> λt − σ − ε. 
Lemma 3.11. If (tk) is a sequence of distinct points inK, then lim supk λtk <
∞.
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Proof. Suppose otherwise. Passing to a subsequence, we can assume that
λtk > 4
k + ε for any k. Applying Lemma 3.8, and passing to a further
subsequence if necessary, we can assume that there exist disjoint open sets
Uk such that tk ∈ Uk for every k. By Lemma 3.10, we can find fk ∈
B(C0(K,X)), vanishing outside of Uk, so that ‖[Tfk](tk)‖X > 4
k.
Now let f =
∑
k 2
−kfk. Clearly f ∈ C0(K,X) (with ‖f‖ ≤ 2), and for
every n, ∑
k 6=n
2−kfk|Un = 0.
Hence, by Lemma 3.9 we have∥∥[Tf ](tn)∥∥X ≥ 2−n
∥∥[Tfn](tn)∥∥X − ε
∥∥∑
k 6=n
2−kfk
∥∥ > 2n − 2ε,
which contradicts the fact that Tf ∈ C0(K,X). 
Lemma 3.12. If tn → t, then λt ≤ lim supλtn .
Proof. Suppose, for the sake of contradiction, that there exists a sequence
(tn) converging to t, and λt > c > supn λtn . Pick f ∈ B(C0(K,X)) so that
‖[Tf ](t)‖X > c. On the other hand,
‖[Tf ](t)‖X = lim
n
‖[Tf ](tn)‖X ≤ c,
a contradiction. 
Theorem 3.13. Let K be a locally compact Hausdorff space without isolated
points, and X a Banach lattice. If T : C0(K,X) → C0(K,X) is a linear
ε-BP mapping, then T is bounded.
Proof. As noted above, we need to show that supt∈K λt < ∞. Since K has
no isolated points, for every t ∈ K there is a sequence (tk) of distinct points
in K, such that tk → t. By Lemmas 3.11 and 3.12, it follows that λt is finite
for every t ∈ K.
Suppose supt∈K λt = ∞, then it would be possible to find a sequence of
distinct points (tn), so that λtn increases without a bound, which is impos-
sible by Lemma 3.11. 
Proof of Theorem 3.7. We will prove first that for every t ∈ K, λt is finite.
Suppose, for the sake of contradiction, that λt = ∞ for some t ∈ K. By
Lemmas 3.11 and 3.12, t must be an isolated point in K. Hence, we can
consider the function χ{t} ∈ C0(K) as well as the operators jt : X →
C0(K,X) and δt : C0(K,X) → X given by jt(x) = xχ{t} for x ∈ X, and
δt(f) = f(t) for f ∈ C0(K,X) respectively.
Let Tt = δtTjt. It is clear that Tt : X → X is a linear mapping, and we
claim it is ε-BP. Indeed, given x, y ∈ X with x ⊥ y and y ≥ 0, we have that
χ{t}x ⊥ χ{t}y in C0(K,X), so as T is ε-BP it follows that
‖|T (χ{t}x)| ∧ (χ{t}y)‖ ≤ ε‖χ{t}x‖ = ε‖x‖.
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Therefore,
‖|Ttx| ∧ y‖ =
∥∥∥δt
(
|T (χ{t}x)| ∧ (χ{t}y)
)∥∥∥ ≤ ε‖x‖,
so Tt is ε-BP as claimed. Proposition 3.1 yields that Tt is bounded.
Since t is isolated, any f ∈ C0(K,X) can be represented as f = f(t)χ{t}+
f ′, where f ′ vanishes at t (equivalently, on a neighborhood of t), and more-
over, ‖f ′‖ ≤ ‖f‖. If f ∈ B(C0(K,X)), then by Lemma 3.9, we have∥∥[Tf ](t)∥∥
X
≤
∥∥[Tf(t)χ{t}](t)∥∥X + ε = ‖Ttf‖+ ε.
Taking the supremum over all f as above, we obtain λt ≤ ‖Tt‖+ ε < ∞, a
contradiction.
Suppose, for the sake of contradiction, that T is unbounded – that is,
supt∈K λt = ∞. By the above, there must exist a sequence (tk)k∈N ⊂ K so
that limk λtk =∞. This, however, contradicts Lemma 3.11. 
4. Some notions related to ε-band preservation
In this section, we consider some properties related to (and perhaps
strengthening) band preservation.
Definition 4.1. An operator on a Banach lattice T : X → X is ε-approximable
by BP maps (in short T ∈ ABP (ε)) when there is a BP operator S such
that ‖T − S‖ ≤ ε.
Clearly every T ∈ ABP (ε) is bounded, and ε-BP. In Section 5 we will
study under which conditions every ε-BP operator is in ABP (ε).
Recall (Theorem 2.10) that T ∈ B(X) is ε-BP if and only if for every
x ∈ B(X) and ε′ > ε there exists λ = λx > 0 such that ‖(|Tx|−λ|x|)+‖ < ε
′.
However, in principle, we have no control over supx∈B(X) λx. Strengthening
this properties, we introduce:
Definition 4.2. An operator T : X → X is in the ε-center (in short T ∈
ε−Z(X)) if there exists λ > 0 such that for every x ∈ B(X), there is z ∈ X
with ‖z‖ ≤ ε such that
|Tx| ≤ λ|x|+ z.
Note that T ∈ 0 −Z(X) = Z(X) if and only if T is BP ([1]). Moreover,
if T is BP, and S is arbitrary, then T + S ∈ ‖S‖ − Z(X). In general,
if T ∈ ε − Z(X), then T is ε-BP. We do not know whether the converse
implication holds in general. However, if T ∈ ABP (ε), then T ∈ ε−Z(X).
In Section 5 we will provide conditions for which every ε-BP operator is in
ABP (4ε), hence it also belongs to 4ε−Z(X).
Note that T ∈ ε− Z(X) if and only if there is λ ≥ 0 such that for every
x ∈ B(X),
‖(|Tx| − λ|x|)+‖ ≤ ε.
For T ∈ ε−Z(X), we define
ρε(T ) = inf{λ ≥ 0 : sup
x∈B(X)
‖(|Tx| − λ|x|)+‖ ≤ ε}.
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Proposition 4.3. Let X be a Banach lattice and ε ≥ 0. Given T ∈ B(X),
we have T ∈ ε − Z(X) if and only if T ∗ ∈ ε − Z(X∗). Moreover, ρε(T ) =
ρε(T
∗).
Proof. Suppose T ∈ ε−Z(X) and take λ > ρε(T ). By the Riesz-Kantorovich
formulas (cf. [3, Theorem 1.18, and p. 58]), given x ∈ B(X)+ and x
∗ ∈
B(X∗) we have〈(
|T ∗x∗| − λ|x∗|
)
+
, x
〉
= sup
0≤y≤x
〈|T ∗x∗| − λ|x∗|, y〉
= sup
0≤y≤x
(
sup
|z|≤y
∣∣∣〈T ∗x∗, z〉∣∣∣ − λ〈|x∗|, y〉)
= sup
0≤y≤x
sup
|z|≤y
(∣∣∣〈x∗, T z〉∣∣∣− λ〈|x∗|, y〉)
≤ sup
0≤y≤x
sup
|z|≤y
(
〈|x∗|, |Tz| − λ|z|〉
)
≤ sup
0≤y≤x
sup
|z|≤y
‖x∗‖
∥∥∥(|Tz| − λ|z|)
+
∥∥∥ ≤ ε.
Therefore, T ∗ ∈ ε−Z(X∗) and ρε(T
∗) ≤ ρε(T ).
Now, suppose T ∗ ∈ ε − Z(X∗). Applying the above argument to T ∗ we
obtain that T ∗∗ ∈ ε−Z(X∗∗) with ρε(T
∗∗) ≤ ρε(T
∗). Since T ∗∗|X = T , this
implies that T ∈ ε−Z(X) and
ρε(T ) ≤ ρε(T
∗∗) ≤ ρε(T
∗) ≤ ρε(T ). 
Definition 4.4. An operator on a Banach lattice T : X → X is locally
ε-approximable by BP maps (in short T ∈ ABPloc(ε)) provided for every
x ∈ X, there is a BP operator Sx such that
‖Tx− Sxx‖ ≤ ε‖x‖.
It is clear that every operator T ∈ ABPloc(ε) is ε-BP. Moreover, if the
local approximants Sx can be taken in such a way that supx ‖Sx‖ <∞, then
T ∈ ε−Z(X), with ρε(T ) ≤ supx ‖Sx‖. The following provides a converse:
Theorem 4.5. Suppose E is a Banach lattice with a quasi-interior point,
ε > 0, and T ∈ B(E).
(1) T is ε-BP if and only if T ∈ ABPloc(ε
′) for every ε′ > ε.
(2) T ∈ ε−Z(E) with ρε(T ) < C if and only if for every x ∈ B(E) and
every ε′ > ε there exists a BP map Tx ∈ B(E) so that ‖Tx‖ < C,
and ‖Tx− Txx‖ < ε
′.
Before the proof we need a decomposition result.
Lemma 4.6. Suppose x, y, and z are elements of a Banach lattice E, so
that |y| ≤ |x| + z. Then there exists u ∈ E so that ‖y − u‖ ≤ ‖z‖, and
|u| ≤ |x|.
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Sketch of a proof. Without loss of generality, we may assume z ≥ 0. We
have∥∥|y|− |y|∧ |x|∥∥ = ∥∥|y|∧ (|x|+ z)−|y|∧ |x|∥∥ = ∥∥|y|∧ ((|x|+ z)−|x|)∥∥ ≤ ‖z‖.
It remains to show that there exists u ∈ E so that |u| = a := |y| ∧ |x| and
‖u−y‖ = ‖|u|−|y|‖. To this end, recall that the ideal Iy generated by |y| can
be identified with C(K), for some K (with |y| corresponding to 1). Further,
y can be identified with the function y(t) = |y|(t)w(t), where |w| = 1. We
can set u(t) = a(t)w(t). 
Proof of Theorem 4.5. (1) Suppose first that, for any x ∈ B(E), and any
ε′ > ε, we can find a BP map Tx so that ‖Tx − Txx‖ < ε
′. Then |Tx| ≤
|Txx|+ |Tx− Txx| ≤ ‖Tx‖|x|+ |Tx− Txx|. If y ≥ 0 is disjoint from x, then
|Tx| ∧ y ≤ ‖Tx‖|x| ∧ y+ |Tx−Txx| ∧ y has norm not exceeding ‖Tx−Txx‖.
From the definition, T is ε-BP.
Suppose, conversely, that T is ε-BP. By Theorem 2.10, for any ε′ > ε, and
any x ∈ B(E), there exists λ > 0 so that |Tx| ≤ λ|x|+ z, where ‖z‖ < ε+ε
′
2 .
By Lemma 4.6, there exists y ∈ E with |y| ≤ λ|x|, and ‖y−Tx‖ < ε′. Since
E has a quasi-interior point, by [2, Lemma 4.17], there exists Tx ∈ B(E)
band preserving such that |Txz| ≤ λ|z|, for every z ∈ E and ‖Txx−y‖ ≤
ε′−ε
2 .
Hence,
‖Tx− Txx‖ ≤ ‖Tx− y‖+ ‖Txx− y‖ ≤ ε
′.
(2) is handled similarly. 
Remark 4.7. For a Dedekind complete Banach lattice X and ε ≥ 0, a
similar argument using [3, Theorem 2.49] yields that if T ∈ ε−Z(X), then
T ∈ ABPloc(2ε) with local approximants satisfying supx ‖Sx‖ ≤ 2ρε(T ).
Also if T is an ε-BP operator, then it is locally 2ε-approximable by BP
maps.
The following diagram illustrates the relation among the different no-
tions introduced here, for bounded operators. The non-trivial implications
are labeled with the reference of the corresponding result where they are
proved. Note the values of ε may differ from one to another, and some of
the implications are proved only for some classes of Banach lattices.
ε−Z
"*▼
▼▼
▼▼
▼▼
▼▼
▼
▼▼
▼▼
▼▼
▼▼
▼▼
4.5

ABP (ε)
4<
♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣♣♣♣♣♣
"*▼
▼▼
▼▼
▼▼
▼▼
▼
▼▼
▼▼
▼▼
▼▼
▼▼
ε− IP
4.5t|
ks 2.10 +3 ε−BP
ABPloc(ε)
19
For unbounded operators the picture is different: we do not know whether
ε-BP implies ε-IP.
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In Section 7, we show that some of the arrows on the diagram cannot
be reversed: for every ε > 0 there exists a contraction in ε − Z (and in
ABPloc(ε)), but not in ABP (δ) for δ < 1/2.
5. Stability of almost band preservers
We will show now that, under some mild hypothesis, an almost band-
preserving operator is close to a band-preserving one.
Theorem 5.1. If E is an order continuous Banach lattice, and T ∈ B(E)
is ε-BP, then there exists a band-preserving R ∈ B(E) so that ‖R‖ ≤ ‖T‖,
and ‖T −R‖ ≤ 4ε.
For positive ε-BP operators a similar result holds under weaker assump-
tions on X.
Proposition 5.2. Suppose X is a Dedekind complete Banach lattice having
a Fatou norm with constant f. Then for any positive ε-BP operator T ∈
B(X) there exists 0 ≤ S ≤ T such that S is band-preserving and ‖T −S‖ ≤
4fε.
Note that order continuous Banach lattices, and dual Banach lattices,
are Dedekind complete, and have Fatou norm with constant 1 (see e.g. [9,
Theorem 2.4.2 and Proposition 2.4.19]).
For the proof of Proposition 5.2, we need to introduce an order in the
family of finite sets of band projections. These can be considered as an
abstract version of partitions of unity:
Definition 5.3. Given a Banach lattice E, let P be the family of finite sets
of band projections P = (P1, . . . , Pn) so that PiPj = 0 whenever i 6= j, and∑n
k=1 Pk = IE. We say that P = (P1, . . . , Pn) ≺ Q = (Q1, . . . , Qm) if for
1 ≤ i ≤ n there exists a set Si ⊂ {1, . . . ,m} so that
∑
j∈Si
Qj = Pi.
Note that the order ≺ makes P into a net: for P = (P1, . . . , Pn), Q =
(Q1, . . . , Qm) ∈ P, we can define the family R consisting of band projections
Rij = PiQj, which satisfies P,Q ≺ R.
As a preliminary step toward Theorem 5.1, we establish:
Lemma 5.4. Let E be an order continuous Banach lattice, and T ∈ B(E∗)
is ε-BP, then there exists a band-preserving U ∈ B(E∗) so that ‖U‖ ≤ ‖T‖,
and ‖T − U‖ ≤ 4ε.
Proof. For P = (P1, . . . , Pn) ∈ P on E
∗, define TP =
∑n
k=1 PkTPk. Since T
is ε-BP, by Proposition 2.2, for every S ⊂ {1, . . . , n} we have that∥∥∥(∑
i∈S
Pi
)
T
(∑
i∈Sc
Pi
)∥∥∥ ≤ ε.
Note that
∑
S⊂{1,...,n}
∑
i∈S
∑
j∈Sc
PiTPj =
n∑
i,j=1
i 6=j
∑
S⊂{1,...,n}
i∈S,j /∈S
PiTPj = 2
n−2
n∑
i,j=1
i 6=j
PiTPj .
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Thus,
T − TP =
∑
i 6=j
PiTPj = 4AveS⊂{1,...,n}
(∑
i∈S
Pi
)
T
(∑
i∈Sc
Pi
)
,
hence ‖T − TP ‖ ≤ 4ε for every P ∈ P.
Recall that we have B(E∗) = (E∗⊗ˆE)∗ via the trace duality: 〈A, e∗⊗e〉 =
〈Ae∗, e〉, for e ∈ E, e∗ ∈ E∗, and A ∈ B(E∗) (see e.g. [4, Section 1.1.3]).
Thus, the operators TP ∈ B(E
∗, E∗) have a subnet convergent weak∗ to
U ∈ B(E∗, E∗), with ‖T − U‖ ≤ 4ε.
Finally, we show that, for any band projection R ∈ B(E∗), we have
RUR⊥ = 0 (as E∗ is σ-Dedekind complete, the band-preserving property of
U will follow). For “large enough” P ∈ P (that is, when (R,R⊥) ≺ P ), we
have RTPR
⊥ = 0. From the definition of U , TP → U in the point-weak
∗
topology. By [9, Corollary 2.4.7], R and R⊥ are weak∗ to weak∗ continuous,
hence TP → U in the point-weak
∗ topology as well. Thus, RTPR
⊥ = 0. 
Proof of Theorem 5.1. Since T is ε-BP and E is order continuous, by Propo-
sition 2.11, we have that T ∗ is also ε-BP. By Lemma 5.4, there exists a
band-preserving U ∈ B(E∗) so that ‖U‖ ≤ ‖T ∗‖, and ‖T ∗ − U‖ ≤ 4ε.
Now, since U is band preserving we have that −‖U‖I ≤ U ≤ ‖U‖I, which
means that for x ∈ E,
|U∗x| ≤ ‖U‖|x|.
Since E is order continuous, it is an ideal in E∗∗, and the above inequality
yields that U∗(E) ⊂ E. In particular, R = U∗|E : E → E is well defined and
satisfies R∗ = U . By Proposition 2.11, it follows that R is band preserving
in E. Moreover, we have
‖T −R‖ = ‖T ∗ −R∗‖ = ‖T ∗ − U‖ ≤ 4ε. 
The following easy lemma may well be known, but we haven’t seen it
stated explicitly.
Lemma 5.5. Suppose A and B are bounded below sets in a Dedekind com-
plete Banach lattice X. Then∧
a∈A
a+
∧
b∈B
b =
∧
a∈A,b∈B
(a+ b).
Proof. Without loss of generality we can assume
∧
a∈A a = 0 =
∧
b∈B b, then
clearly
∧
a∈A,b∈B(a+b) ≥ 0. To prove the converse, note that, for any b0 ∈ B,∧
a∈A,b∈B
(a+ b) ≤
∧
a∈A
(a+ b0) = b0.
Complete the proof by taking the infimum over b0 ∈ B. 
Proof of Proposition 5.2. For P = (P1, . . . , Pn) ∈ P, we define
TP =
n∑
k=1
PkTPk.
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As in the proof of Theorem 5.1, since T is ε-BP, we have ‖T − TP ‖ ≤ 4ε.
Since T is positive, for every x ∈ X+, the net (TPx)P∈P is decreasing.
Indeed, let P = (P1, . . . , Pn) ≺ Q = (Q1, . . . , Qm). Thus, for 1 ≤ i ≤ n
there exists a set Si ⊂ {1, . . . ,m} so that
∑
j∈Si
Qj = Pi. In particular,
Pi ≥ Qj for every j ∈ Si, and we get
TPx =
n∑
i=1
PiTPix =
n∑
i=1
∑
j∈Si
QjTPix ≥
n∑
i=1
∑
j∈Si
QjTQjx = TQx.
Since X is Dedekind complete,
∧
P∈P TPx exists. For each x ∈ X+,
let Sx =
∧
P∈P TPx. Then S defines an additive positively homogeneous
function on X+. The homogeneity is easy to verify: for any λ ≥ 0 and
x ∈ X+, we have
S(λx) =
∧
P∈P
(λTPx) = λ
∧
P∈P
(TPx) = λSx.
The positive additivity follows directly from Lemma 5.5.
Clearly, 0 ≤ S ≤ T . Also, for any x ∈ X+, (T − S)x =
∨
P (T − TP )x,
hence, by the Fatou Property,
‖(T − S)x‖ = sup
P∈P
‖(T − TP )x‖ ≤ 4fε‖x‖.
As T − S is a positive operator, ‖T − S‖ ≤ 4fε.
It remains to see that S is band preserving. Given a band projection R
and x ∈ X+, we have RTPR
⊥x = 0 for P “large enough” (that is, when
(R,R⊥) ≺ P ). Therefore, for x ∈ X+,
0 ≤ RSR⊥x ≤
∧
P
RTPR
⊥x = 0,
which implies RSR⊥ = 0. 
It should be noted that the hypotheses of Theorem 5.1 and Propositions
5.2 are not always necessary: In Theorem 6.2 we will see that on C(K)
spaces every ε-BP operator is close to a BP one.
Suppose now that E is a Banach lattice. Under what conditions on E
does there exist c > 0 so that, for every ε > 0, E can be equipped with a
new lattice norm ||| · ||| so that there exists a ε-BP operator on (E, ||| · |||) with
the property that |||T − S||| ≥ c for every BP operator S? By Theorem 5.1,
this cannot happen when E is order continuous (order continuity passes to
renormings). A partial positive answer is given below.
Proposition 5.6. Suppose E is a Banach lattice so that its dual has an
atom f with the property that f⊥ = {g ∈ E∗ : f ⊥ g} is not weak∗ closed.
Then, for every ε ∈ (0, 1), E can be equipped with an equivalent lattice
norm ||| · ||| = ||| · |||ε so that there exists a positive rank one contraction T ∈
ε − Z((E, ||| · |||)) so that |||T − S||| ≥ c whenever S is a BP map (c > 0 is a
constant depending on E).
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As noted above, E is order continuous if and only if any band in E∗ is
weak∗ closed if and only if any band projection on E∗ is weak∗ continuous.
Of course, there may be no rank one band projections on E∗ at all. We do
not know whether Proposition 5.6 holds for general non-order continuous
lattices.
Proposition 5.6 is applicable, for instance, when E = C(K), where K is
an infinite compact Hausdorff space (cf. Remark 6.5).
Proof. Without loss of generality, we can assume that f is positive and has
norm one. Note that f⊥ is a 1-codimensional sublattice of E∗. Indeed, let
P be the (one-dimensional) band projection corresponding to f , then f⊥ is
the range of P⊥ = I − P .
As f⊥ is not weak∗ closed, by the Banach-Dieudonne´ Theorem, f is a
cluster point of {g ∈ f⊥ : ‖g‖ ≤ C}, for some C.
Fix ε ∈ (0, 1), and equip E with the new lattice norm
|||x||| = max
{
‖x‖, ε−1〈f, |x|〉
}
.
Note that ‖ · ‖ ≤ ||| · ||| ≤ ε−1‖ · ‖. It is easy to check that the dual norm on
E∗ is given by
|||g||| = inf
α∈R
(
ε|α| + ‖g − αf‖
)
= inf
g=αf+h
(
ε|α|+ ‖h‖
)
.
Fix δ > 0, and find a positive norm one e ∈ E so that 〈f, e〉 > 1 − δ.
Define the rank one positive map T : E → E : x 7→ 〈f, x〉e. It is easy to
check that T acts contractively on (E, ||| · |||). Indeed, if |||x||| ≤ 1, then∣∣〈f, x〉∣∣ ≤ 〈f, |x|〉 ≤ ε,
hence
|||Tx||| = |〈f, x〉|max
{
‖e‖, |ε−1〈f, e〉|
}
≤ 1.
Further, T ∗g = 〈g, e〉f . We show that T ∗ ∈ ε − Z(E∗, ||| · |||) (then, by
Proposition 4.3, T ∈ ε − Z(E, ||| · |||)). Pick g ∈ E∗ with |||g||| < 1. Write
g = αf +h, with ε|α|+‖h‖ < 1. We need to show that |T ∗g| ≤ |g|+u, with
|||u||| ≤ ε. As T is positive, we can and do restrict our attention to g ≥ 0,
and to the decompositions with α ≥ 0 and h ≥ 0.
Then T ∗g = (α〈f, e〉 + 〈h, e〉)f , hence T ∗g ≤ (α + ‖h‖)f ≤ g + ‖h‖f .
However, |||f ||| ≤ ε, and we are done.
Next show that, if S is a BP map on E, then |||T − S||| ≥ (1− δ)/(C +1).
Recall P is the band projection associated with f , and then P⊥ is the band
projection onto f⊥. We have
|||T ∗ − S∗||| ≥ |||P⊥(T ∗ − S∗)|f⊥ ||| = |||S
∗|f⊥ |||
(we use the fact that S∗ maps f⊥ into itself). Thus, for any g ∈ f⊥, we
have |S∗g| ≤ c|g|, where c = |||T − S|||.
Using the band-preserving property of S∗ once more, we observe that
S∗f = λf , for some scalar λ. We claim that |λ| ≤ Cc. Indeed, we know
that f is a weak∗ cluster point of {g ∈ f⊥ : ‖g‖ ≤ C}. As S∗ is weak∗ to
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weak∗ continuous, S∗f is a weak∗ cluster point of {S∗g : g ∈ f⊥, ‖g‖ ≤ C},
which, in turn, lies inside {g ∈ f⊥ : ‖g‖ ≤ cC}.
On the other hand, note that
|||T ∗f ||| = |〈f, e〉||||f ||| > (1− δ)|||f |||.
The triangle inequality implies
c = |||T ∗ − S∗||| ≥
|||(T ∗ − S∗)f |||
|||f |||
=
|||T ∗f ||| − |||S∗f |||
|||f |||
> (1− δ −Cc).
Thus,
|||T − S||| ≥ (1− δ)/(C + 1). 
6. ε-BP operators on C(K) spaces
In this section, we turn our attention to operators on C(K) spaces. Let us
start by presenting a criterion for a linear map on C(K) to be ε-BP. Before
the proof, recall that for f ∈ C(K), we define its support as
supp(f) = {t ∈ K : f(t) 6= 0}.
Lemma 6.1. Suppose K is a compact Hausdorff space. Then, for a linear
map T : C(K)→ C(K), the following statements are equivalent.
(1) T is ε-BP.
(2) If x ∈ C(K) and t ∈ K satisfy x(t) = 0, then |[Tx](t)| ≤ ε‖x‖.
Proof. (2)⇒ (1): Let x ⊥ y in C(K). We have that
‖|Tx| ∧ |y|‖ = sup{|[Tx](t)| ∧ |y(t)| : t ∈ K}
= sup{|[Tx](t)| ∧ |y(t)| : t ∈ K, y(t) 6= 0}
≤ ε‖x‖,
where the last inequality follows from the fact that if y(t) 6= 0, then x(t) = 0,
together with the hypothesis.
(1) ⇒ (2): Suppose first t /∈ supp(x). By Urysohn’s Lemma, there exists
y ∈ C(K) so that 0 ≤ y ≤ |[Tx](t)|, y|supp(x) = 0, and y(t) = |[Tx](t)|. Then
x ⊥ y, and
|[Tx](t)| ≤ ‖|Tx| ∧ y‖ ≤ ε‖x‖.
Now suppose t ∈ ∂supp(x). For δ > 0, let
xδ = (x+ − δ1)+ − (x− − δ1)+.
Note that x+ − δ1 ≤ (x+ − δ1)+ ≤ x+, hence ‖x+ − (x+ − δ1)+‖ ≤ δ.
Similarly, ‖x−−(x−−δ1)+‖ ≤ δ. Thus, by the triangle inequality, ‖x−xδ‖ ≤
2δ.
Moreover, we claim that t /∈ supp(xδ). Indeed, let us consider the open
set U = {s ∈ K : |x(s)| < δ}. Clearly, t ∈ U , and for every s ∈ U xδ(s) = 0.
Thus, U ∩ supp(xδ) = ∅. By the preceding paragraph, |[Txδ](t)| ≤ ε‖xδ‖.
As T is continuous (Theorem 3.7), we are done. 
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Theorem 6.2. Suppose K is a compact Hausdorff space. If T ∈ B(C(K))
is ε-BP, then there exists a BP operator S ∈ B(C(K)) so that ‖T−S‖ ≤ 2ε.
If T is positive, then S can be selected to be positive as well.
Proof. Let φ = T1, and show that the multiplication operator S defined via
Sf = φf has the desired properties. To this end, for t ∈ K, set µt = T
∗δt ∈
M(K) = C(K)∗. Let ct = µt({t}), and νt = µt − ctδt. Clearly νt({t}) = 0.
We claim that ‖νt‖ ≤ ε – that is, for any f ∈ B(C(K)), |〈νt, f〉| ≤ ε.
Suppose first f satisfies an additional condition f(t) = 0. Then, since T
is ε-BP, by Lemma 6.1, we get
ε ≥ |Tf(t)| = |〈δt, T f〉| = |〈T
∗δt, f〉| = |〈νt, f〉|.
For a generic f ∈ B(C(K)), fix σ > 0. By the regularity of νt, there exists
an open neighborhood U ∋ t so that |νt|(U) < σ. Use Urysohn’s Lemma to
find h ∈ C(K) so that 0 ≤ h ≤ 1, h(t) = 1, and h|K\U = 0. By the above,
|〈νt, fh〉| ≤ σ, and |〈νt, f(1 − h)〉| ≤ ε, which yields |〈νt, f〉| ≤ ε + σ. As σ
can be arbitrarily small, |〈νt, f〉| ≤ ε.
Next note that
φ(t) = 〈T ∗δt,1〉 = ct + 〈νt,1〉,
hence |φ(t)− ct| ≤ ε. Finally, for f ∈ B(C(K)),
[Tf ](t) = 〈δt, T f〉 = 〈ctδt + νt, f〉 = ctf(t) + 〈νt, f〉,
hence ∣∣[Tf ](t)− φ(t)f(t)∣∣ ≤ |ct − φ(t)|+ ‖νt‖ ≤ 2ε.
As this holds for any t, we are done. 
Remark 6.3. As a consequence, on (C(K), ‖ · ‖∞), every ε-BP operator
belongs to 2ε−Z(C(K))).
Recall that an operator between Banach lattices T : X → Y is ε-disjointness
preserving (in short, ε-DP) if for x ⊥ y in X with ‖x‖, ‖y‖ ≤ 1 we have
‖|Tx| ∧ |Ty|‖ ≤ ε [11].
Proposition 6.4. If K is a compact Hausdorff space, and T ∈ B(C(K))
is ε-BP, then T is ε-DP. Moreover, if x, y ∈ C(K) are disjoint, then
‖(Tx)(Ty)‖ ≤ ε‖T‖‖x‖‖y‖.
Proof. Consider disjoint x, y ∈ C(K). By Lemma 6.1, ‖|Tx| ∧ |Ty|‖ ≤
εmax{‖x‖, ‖y‖}. Thus, T is ε-DP.
Moreover, for t /∈ supp(x),
|[Tx](t)||[Ty](t)| ≤ ε‖x‖ · ‖T‖‖y‖ = ε‖T‖‖x‖‖y‖,
and the same inequality holds for t /∈ supp(y). 
Remark 6.5. Suppose K is a Hausdorff compact. Recall that a space
C(K) is order continuous if and only if K is a finite set. If K is infinite,
then Proposition 5.6 gives a renorming of C(K) for which the conclusion of
Theorem 6.2 no longer holds. We outline the construction from Proposition
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5.6 for C(K) spaces, as it may be instructive. In fact, for ε > 0 we equip
C(K) with an equivalent norm ||| · |||, and construct a positive contraction
T ∈ ε−Z(C(K), ||| · |||) so that |||T − S||| ≥ 1/2 for any BP operator S.
Since K is infinite, it has an accumulation point k. Consider the norm
|||x||| = max{‖x‖∞, ε
−1|x(k)|}
(‖ · ‖∞ stands for the canonical sup norm on C(K)). Clearly ||| · ||| is a lattice
norm on C(K), and ‖x‖∞ ≤ |||x||| ≤ ε
−1‖x‖∞ for x ∈ C(K). We denote
(C(K), ||| · |||) by E.
Consider the rank one operator T : E → E : x 7→ x(k)1. Clearly T ≥ 0,
and for x ∈ E we have
|||Tx||| = |||x(k)1||| = max{|x(k)|, ε−1|x(k)|} ≤ |||x|||.
Note also that T1 = 1, hence |||T ||| = 1. Also, T ∈ ε − Z(E). Indeed, for
x ∈ B(E), set y = (|Tx| − |x|)+. Then y(k) = 0, while for t ∈ K\{k},
|y(t)| ≤ ε, hence |||y||| ≤ ε.
Now suppose, for the sake of contradiction, that a BP map S : E → E
satisfies |||T − S||| < 1/2. Note that S is a multiplication operator: there
exists φ ∈ C(K) so that Sx = φx. We claim that |φ(k)| < 1/2. Indeed, take
a net (kα)α ⊂ K\{k} such that kα → k. By Urysohn’s Lemma, for every α
there is xα ∈ C(K) such that 0 ≤ xα ≤ xα(kα) = 1, and xα(k) = 0. Then
Txα = 0, hence |φ(kα)| ≤ ‖(S − T )xα‖ ≤ ‖T − S‖ < 1/2. By continuity,
|φ(k)| ≤ |||T − S||| < 1/2 as well. On the other hand, since |||1||| = ε−1, we
have
|||T − S||| ≥ |||(T − S)ε1||| ≥ ε−1|[(T − S)ε1](k)| = |1− φ(k)| >
1
2
,
which is the desired contradiction.
7. A counterexample
Proposition 7.1. There exists a Banach lattice E so that, for every ε > 0,
there exists an ε-BP contraction T ∈ B(E) (actually, T ∈ ε−Z(E)) so that
‖T − S‖ ≥ 1/2 whenever S ∈ B(E) is BP.
Lemma 7.2. Suppose K is a compact Hausdorff space. For t0 ∈ K,
C(K; t0) = {x ∈ C(K) : x(t0) = 0} is a closed sublattice of C(K). Then
T ∈ B(C(K; t0)) is BP if and only if there exists a uniformly bounded con-
tinuous function φ on K\{t0} so that Tx = φx for any x.
Proof. Clearly the operator given by T (x) = φx is BP. Conversely, suppose
T is BP. Then T is automatically bounded. Note that C(K; t0)
∗ is the
quotient space of C(K)∗ by the set of linear functionals annihilating {t0}.
That is, we can identify C(K; t0)
∗ with the space of regular Radon measures
µ on K so that µ({t0}) = 0.
Consider T ∗ ∈ B(C(K; t0)
∗). We claim that there exists φ : K\{t0} → K
so that T ∗δt = φ(t)δt for any t ∈ K\{t0}. Indeed, fix t, and set µt = T
∗δt.
Suppose, for the sake of contradiction, that |µt|(K\{t}) > 0. Then there
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exists an open set U ⊃ {t, t0} so that |µt|(K\U) > 0. Then we can find
x ∈ C(K), vanishing on U , so that 〈µt, x〉 > 0.
Also, find y ∈ C(K; t0), vanishing outside of U , so that y(t) = 1. Then
x ⊥ y. However,[
Tx
]
(t) = 〈δt, Tx〉 = 〈T
∗δt, x〉 = 〈µt, x〉 > 0,
hence [|Tx| ∧ |y|](t) 6= 0, contradicting our assumption that T is BP.
Next show that φ is continuous and uniformly bounded. For x ∈ C(K; t0)
and t 6= t0, we have
[Tx](t) = 〈δt, Tx〉 = 〈T
∗δt, x〉 = 〈φ(t)δt, x〉 = φ(t)x(t).
This shows the continuity of φ away from t0. If φ is not uniformly bounded,
then there exists a sequence (tk), convergent to t0, so that |φ(tk)| > 4
k for
any k. By Tietze Extension Theorem, we can find x ∈ C(K; t0) so that
x(tk) = 2
−k. Then Tx is unbounded, leading to a contradiction. 
Proof of Proposition 7.1. The Banach lattice E consists of all continuous
functions x on [0, 1], satisfying lim
n→∞
2n|x(2−n)| = 0 (consequently x(0) = 0).
Set
‖x‖ = max
{
‖x‖∞, sup
n∈N
2n|x(2−n)|
}
.
For n ≥ 2 let xn be a continuous function such that 0 ≤ xn ≤ 1, xn(t) = 0
for t ≤ 2−n−1 or t ≥ 21−n, and xn(2
−n) = 1. Define Tnx = x(2
−n)xn.
Clearly, Tn is a contraction. We next show that, for every x ∈ B(E),
‖(|Tnx| − |x|)+‖ ≤ 2
−n (hence, Tn ∈ 2
−n − Z(E), and in particular Tn is
2−n-BP).
If x(2−n) = 0, then Tnx = 0. Otherwise x(2
−n) = [Tnx](2
−n), and
[Tnx](2
−m) = 0 for m 6= n. For t /∈ {2−m : m ∈ N},
(|Tnx| − |x|)+(t) ≤ |[Tnx](t)| ≤ |x(2
−n)||xn(t)| ≤ 2
−n.
Thus, we get
‖(|Tnx|−|x|)+‖ = max
{
‖(|Tnx|−|x|)+‖∞, sup
m
2m(|Tnx|−|x|)+(2
−m)
}
≤ 2−n.
Now suppose S : E → E is band-preserving (hence bounded). We show
that that there exists a uniformly bounded continuous function φ : (0, 1]→
K so that Sx = φx for any x.
Indeed, for any n ∈ N, denote by En the sublattice of E consisting of
functions vanishing on [0, 2−n]. Note that S takes En into itself. Clearly En
is lattice isomorphic to C([2−n, 1], 2−n), hence, by Lemma 7.2, there exists a
uniformly bounded continuous function φn : (2
−n, 1]→ K so that Sx = φnx
for any x ∈ En. Clearly φm|[2−n,1] = φn whenever m > n. So there exists
a function φ, continuous on (0, 1], so that Sx = φx for any x ∈ E∞, where
E∞ =
⋃
n En is the set of all elements of E vanishing on a neighborhood of
0.
Now set C = ‖S‖, and show that supt∈(0,1] |φ(t)| ≤ C. Indeed, otherwise
we can find t ∈ (0, 1]\{2−k : k ∈ N} so that |φ(t)| > C. Find m ∈ N so that
28 T. OIKHBERG AND P. TRADACETE
2−m < t < 21−m, and consider x ∈ C[0, 1] so that 0 ≤ x ≤ 1 = x(t), and
x = 0 outside of (2−m, 21−m). Then ‖x‖ = 1 and ‖Sx‖ > C, a contradiction.
It is easy to see that E∞ is dense in E, hence by continuity, Sx = φx for
any x ∈ E.
Now suppose, for the sake of contradiction, that there exists a BP map S ∈
B(E) so that ‖Tn−S‖ = c < 1/2. We have shown that S is implemented by
multiplication by a function φ, continuous on (0, 1] and uniformly bounded.
That is, for any x ∈ B(E), we have ‖Tnx− φx‖ ≤ c.
Show first that, for t /∈ {2−k : k ∈ N}, |φ(t)| ≤ c. To this end, find n ∈ N
so that 2−n−1 < t < 2−n. Pick x ∈ E so that 0 ≤ x ≤ 1 = x(t), and x = 0
outside of (2−n−1, 2−n). Then ‖x‖ = 1, Tnx = 0, and c ≥ ‖Sx‖ ≥ |φ(t)|. By
continuity, |φ| ≤ c everywhere.
Now consider x ∈ E so that x(2−n) = 2−n, 0 ≤ x ≤ 1, and x = 0 outside
of (2−n−1, 21−n). Then ‖x‖ = 1, and
‖Tnx− Sx‖ ≥ 2
n
∣∣[Tnx](2−n)− φ(2−n)x(2−n)∣∣
= 2n
∣∣2−n − 2−nφ(2−n)∣∣ ≥ 1− |φ(2−n)| ≥ 1− c > 1
2
,
a contradiction. 
Remark 7.3. The lattice E from the proof of Proposition 7.1 is an AM-
space. In fact, j : E → C[0, 1] ⊕∞ c0 : f 7→ f ⊕ (2
kf(2−k))k∈N is a lattice
isometry. Consequently, E∗ is an AL-space. As T ∗n ∈ ε− Z(E
∗) for any n,
Theorem 5.1 shows there exists a BP map Rn ∈ B(E
∗) so that ‖T ∗n −Rn‖ ≤
22−n However, such an Rn cannot be an adjoint operator, for n > 3.
Remark 7.4. Arguing as in Theorem 3.7 one can show that every ε-BP
linear map on the lattice E given in Proposition 7.1 is automatically con-
tinuous.
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